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Abstract 

The Cauchy problem for the 1-dimensional Zakharov system is shown to 
be globally well-posed for large data which not necessarily have finite energy. 
The proof combines the local well-posedness result of Ginibre, Tsutsumi, 
Velo and a general method introduced by Bourgain to prove a similar result 
for nonlinear Schrodinger equations. 

Introduction 

Consider the Cauchy problem for the (l+l)-dimensional Zakharov system 

iu t + u xx = nu (1) 
n tt ~ n xx = (\u\ 2 ) xx (2) 
u(0) = u , n(0) = n ,n t (0)=ni (3) 

where u is a complex-valued and n a real-valued function defined for (x, t) G 
R x R+. 

The main result shows global well-posedness of the problem for rough data 

(uo,no,ni) G H S,2 (R) x L 2 (R) x H~ 1,2 (H) with 1 > s > 9/10 

without any smallness assumption. The same result for s = 1 is a direct conse- 
quence of the local well-posedness shown by || and the conservation laws satisfied 
for solutions of ([[]) , (||) , (|3|) , namely conservation of ||n(t)|| and 

/+oo 
n(t)\u{t)\ 2 dx 
-oo 

where V x = —rit- 

Local well-posedness for s > 9/10 follows from so that the problem is to show 
that the local solution exists globally in time. 
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Local and global well-posedness in dimension 2+1 and 3+1 for finite energy so- 
lutions was shown in ||. 

Our proof uses Bougain's ideas who introduces a general method to show global 
well-posedness for some types of nonlinear evolution equations for data with less 
regularity than needed for an application of the conservation laws directly. He ap- 
plied it to the (2+1)- and (3+l)-dimensional Schrodinger equation Later 
it was also used for other model equations 0] > Hi > ? lul ■ 

This paper is organized as follows. In section 1 the needed estimates for the 
nonlinearities in the X s ' b -spaces introduced by Bourgain and the y s -spaces in- 
troduced by Ginibre, Tsutsumi and Velo Q are given along the lines of Q. 
For an equation of the form 

iut + <t>{-id x )u = (4) 

where 4> is a measurable real-valued function, let X S)b be the completion of <S(R 2 ) 
with respect to 

WfWx^ ■= l|e-^ ( - i&) /ll^(R,^(R)) 

= || < £ > s < r > b T(e~ lt ^- id ^f(x,t))\\ L 2 

x,t 

= \\<c> s <r+m> b mr)\\ L 2 

X s,b is defined similarly by replacing < £ > s by |£| s . 
Similarly let Y s be the completion of S^R 2 ) with respect to 

||/||y. := \\<Z> S <t>- 1 H^-^f^mqLl 
= ||<e> s <r + ^)>- 1 /(C,r)|| L ^ 

In our case we shall use these spaces for the phase functions <fi(£) = £ 2 and 

<Kt) = ±\z\- 

We also have to use the norms in X s,b (I) for a given time interval I defined as 

ll/llx^(/) = _ inf \\f\\x^ b and similarly ||/||y-(j) = mf ||/||y« 
f\i=f f\i=f 

In section 2 we transform the system in a standard way into a first order system 
for (u, n+,n_). For details we again refer to ||. Using Bourgain's ideas we split 
the datum uq into a sum uq\ + uq2 where the low frequency part Uqi is regular 
and has large H 1 - norm whereas the high frequency part U02 is just in H s with 
small L 2 - norm. 

In section 3 the solution (u,n+,nl) of the problem with data (uoi, Ho+, no-) is 
further investigated on a suitable time interval I depending on s using the energy 
bounds. 

In section 4 we consider the system fulfilled by (v, m±) = (u — u, n± — n±) with 
data (uo2, 0, 0) and construct a solution in the same time interval I, thus we have 
a solution of the original problem on I. The inhomogeneous part w(t) of v(t) is 
shown to belong to _ff 1,2 (R), thus is smoother than the homogeneous part e ltdx UQ2 
which is just in .£P ,2 (R). 
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In section 5 we show that this process can be iterated to construct a solution 
on any time interval [0,T]. What one does is to construct a solution on time 
intervals of equal length |/|. One takes as new initial data at time |/| the triple 
+ w(\I\),n±(\I\) + m±(\I\)) and repeats the argument in [|/|,2|/|]. Of 
course in each step the involved norms have to be controlled in order to be able 
to choose intervals of equal length. 

We collect some elementary facts about the spaces X s > b and Y s . If it is a 
solution of (m with u(0) = / we have for b > : 

II^HIx*.* < c||/||ff| (5) 
If v is the solution of the problem 

ivt + 4>{-id x )u = F , v(0) = 
we have for b' + 1 > b > > b' > -1/2: 

II^MIjt.,6 < c5 1+b '- b \\F\\ xs , b , (6) 
and if b' + 1 > b > > V : 

\$sAx»* < c(<5 1+b '~ 6 ||*1lx^' + 5^- b \\F\\ Y s) (7) 
(for a proof see ||], Lemma 2.1). 

Here the cut-off function ip is in Co°(R) with suppip C (—2, 2) , ij) = 1 on [—1, 1] , 
^(i) = ^(-t) , V?(t) > , ip 6 (t) := ip(t/5) if < S < 1. 
We have X s ' b (I) C C°(I,H S (R)) if b > 1/2 , / C R. 

Moreover if w(t) = J* e^-^ 9 * F(s) ds and f(s) = e~ is9 %F(s) we have by §, 
Lemma 2.2, especially (2.35) 

im<)IU»(R) = \\J*e-* sd *F(s)ds\\ L 2 {R) = \\J*f(s)ds\\ L 2 (R) (8) 
< c\\ < r >"! /(r)|| L|Ll = c\\ < r >- x He- ts9 *F(s))\\q L l = c\\F\\ Y o {I) 
if t G [0, \I\] with \I\ < 1. 

Thus if F G Y°(I) we have w G C°(I, L 2 (R)) and if |J| < 1 

IMIl°°(/,l 2 (r)) < c ll-^lly°(/) 
Similarly if F G Y 1 ^) we have w G C°(J, iT 1,2 (R)) and if |/| < 1 

II w IIl°°(/,hi.2(R)) < c||-F||yi(/) (9) 

Next we need an interpolation property for the spaces X s ' b (I). It is well-known 
that 

H b (R,H s x (K)) = (H b t °(R,H°\R)),H%(R,H s x i(R))) [e] (10) 

where 

0<9<1 , b = (1 - 9)b + 6b 1 , s = (l-9)s + e Sl (11) 
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This also holds true if R is replaced by I because the restriction operator from 
Hf(R, iJJ(R)) onto iT|(R)) * s a retraction with a corresponding coretrac- 

tion (extension). We refer to || here. The following interpolation property is a 
consequence: 

X s ' b (I) = (X s »' bo (I),X Sl > bl (I)) [g] (12) 
with s, 6, 6 as above. One only has to remark that 

: H b (I,H s x (R))^X s >\l) 

defined by 

V*f(x,t) :=e*«-*0*)f( x ,t),tel 
is an isometric isomorphism. 

Finally we have the following consequence of the Strichartz inequalities in the 
case of the (l+l)-dimensional Schrodinger equation </>(£) = £ 2 : 

II/IIl?(R,Z5(R)) < 4f\\x°.b ( 13 ) 

and 

II fll„n , < II fl, 

>L| (R,LJ (R)) 

where 1/g + 1 /q' = 1 , 1/r + 1/r' = 1 and 



*>.->< ll/llr.sWr'™ ( 14 ) 



6 > 1/2 , < 6 < b , 1/2 < 77 < 1 , 2/q = 1 - 7/6/60 , 1/2 - 1/r = (1 - r/)6/6 

(15) 

See @, Lemma 2.4 with ^ = 1 , plus duality. 

We use the following notation for A € R: 
< A >:= (1 + A 2 ) 1 / 2 , [A]+ := A if A > , = e if A = , = if A < 0. 
Acknowledgement: I am grateful to A. Griinrock for many helpful discussions 
and to T. Tao for informing the author of a gap in an earlier version of this paper. 



1 Nonlinear estimates 



Our aim here is to estimate the nonlinearities / = n±u in X s ' ai for given 
n± 6 X l,a and u £ X k,CL2 for suitable s, I, k, a±, a, a 2 and also in Y s . We estimate 
/(£i> T l) = {n± *u)(£' 1 ,t 1 ) in terms of n±(£,r) and u(£ 2 ,r 2 ), where £ = £1 - £ 2 , 
r = T\ — T2- We also introduce the variables u\ = t\ + , cr 2 = r 2 + £ 2 j 
cr = t ± |£| so that 

^ := £i 2 " =F |£[ = o x - 02 ~ o (16) 

Define vi =< £ 2 > k < &2 > a2 u,v =< £ > z < o > a fi^ so that ||u|| X fe,a 2 = ||w 2 || 2 , 
ll^illx^ = 1Mb ■ 

In order to estimate / in X s ~ ai we take its scalar product with a function in 
X~ s ' ai with Fourier transform < > s < o"i > _<Jl tjJ , ?j 1 E L 2 . In the sequel we 
want to show an estimate of the type 

I SI < c 1 1 f 1 1 2 1| f 1 1 1 2 1 1 1^2 1 1 2 (17) 
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where 

< a > a < (Ti > ai < a 2 > a2 < £ 2 > fe < 6 > l 
This directly gives the desired estimate 

INi^llx 3 '-"! — c ll n ±llx'- a l! n llx fc > a 2 (19) 



[ l^l<^>' ^dndra (18) 

7 < (T > a < ax > ai < cr 2 > a2 < & > k < £ >' 



Proposition 1.1 The estimate (IS) holds under the following conditions: 



k,l>0 (20) 

11 3 

s - k < min(2a - -, 2a x - -, 2(a + oi) - -) (21) 

s - / < 2ai (22) 

o,oi,a 2 > 1/4, ai < 1/2 (23) 

a + ai , a + a 2 , ai + a 2 > 3/4 (24) 

fc + ai, fc + a 2 > 1/2 , /c + ai + a 2 >l (25) 

Remark 1: We simplify (|T^ ) in the following way: 



if (16) holds with the minus-sign and if > £ 2 (resp. < £ 2 ) we have 

^ = ^ 2 - ^ 2 - - e2i = ^ i) 2 - ^ |) 2 = e? - el 

where & := £ T 1/2. 

Thus the region > (resp. ^ < £ 2 ) °f S is majorized by 

± | 1 n)g(6 ± jr 2 )| < Ci >' 



J < a > a < a x > ai < a 2 > a2 < 6 > fc < £ 

where now 

z = fi - £2 = °"l - °"2 - cr , £ = 6 - 6 , r = T\ - t 2 (27) 
<7i = Ti + (& ± 1/2) 2 , a = r + |C| = T + |6 - 61 

Also the plus-sign in ([u]) can be treated similarly by again defining £j = 1/2. 
If one wants to estimate 5 by 1 1 f 1 1 2 1 1 "^l 1 1 2 1 1 "^2 1 1 2 the variables and ^ ± 1/2 of 
are completely equivalent, thus we do not distinguish between them. 
Remark 2: We use the following application of Schwarz' inequality: in order to 
estimate 

1=1 |^(C)^(Cl)^(C2)^(Cl,C2)KCl<2 



where ( = (£, r) , Ci = (6, , C = Cl ~ C2 one has 



|/| 2 < Ml 



/ (/ RC + C2)^(C2)^(C + C2,C 2 )!rfC 2 ) 2 dC 

< HI! (sup I |^(C + C2,C 2 )| 2 ^ I \vi(( + (2)V2~((2)\ 2 d( 2 d( (28) 



2||„.l|2|i . 1 ■ 2 1 r II 2 



C z \\v\ 



2 ll "l||2lF2 112 
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with 

C 2 = sup J \K(( 1 ,C2)\ 2 dC 2 (29) 

where the integral runs over £ 2 (or £1) for fixed £. 

Similar estimates hold by circularly permuting the variables £, Ci> C2- 



Proof of Prop. 1.1: We estimate ( p6[ ) in several subregions. 
Region a: |£i| > 2|£ 2 | 

Case aa: a\ dominant, i.e. \o\\ > \a\ , \o\\ > |cr 2 |. 
We show according to (pq),(p9|): 



C\ := sup < a x >" 2ai < ft > 2s < o >~ 2a < a 2 >- 2a2 < £ 2 > _2fc < £ >~ 2 ' d&da 2 

£l,cri fixed 

< OO 

We have 

-2a ^ \-2a 2 J„„ _ / ^ ^. e2 , c 2 ^-2a^ ^-2a 2 



< a >~ /a < cr 2 >- za2 da 2 = J <a l -a 2 - £f + £ >~ za < cr 2 >" /a2 d<r 2 

< c<^-e 2 2 -^i >~ ai 

by (p7|) and [H], Lemma 4.2 with ai := 2 min(a, a 2 ) — [1 — 2 max(a, a 2 )]+ if a + a 2 > 



2 -<ri >~ ai < £ >~ 2/ d& 



1/2 which holds by (gg). 
Thus 

c 2 < c sup < ai >- 2fi i< & > 2s f < e 2 >- 2fc < e? - e 

Now using j£| > |6|-|?2| > 5I6J ! tnus < £ >~ 2 '< c < 6 >~ 2 ' , and substituting 
y = H , dy = 2\y\ 1 / 2 d^ 2 , \y\ < \g we get 

C\ < csup<cr 1 >^<ei> 2{ ^ ) [ +0 °\y\- 1/2 <y>- k 

£l,(Xl J— 00 

According to ||, Lemma 4.1 the integral takes its maximum at f 2 = crx , so that 

/+00 
| y |-l/2 < y >-(fc+ai) dy 

The integral converges if fc+ai > 1/2. By definition ai = 2a or 2a 2 or 2(a+a 2 ) — 1 
up to an e-term. Now k + 2a > 1/2 by (|0|),(|2|), similarly k + 2a 2 > 1/2, and 
k + 2(a + a 2 )-l > 1/2 by ©,(H), thus k + ai > 1/2. Moreover fft 2 < £, 2 -$ = 
o\ — a 2 — a < 3|ai| so that 

C\ < csup < 6 >- 4 ^+ 2 ( s " ; ) < 00 

because -4oi + 2(s - /) < by (||). 

Case ab: cr 2 dominant, i.e. \a 2 \ > |<r| , |<r 2 | > \a\\. 

By (H),(|2|) we have to show 

C\ := sup < a 2 >- 2a2 < & >- 2fc /< Cl > 2s < o- >" 2a < ffi >- 2ai < £ >~ 2 ' dftdai 

&2 ,52 fixed 

< OO 
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We have 

Cf < C SUp < <J 2 >- 2a2 < £ 2 >- 2k /"< & > 2 ( s -0< a >-2a< ^ >-2 ai 

"■2 ,?2 fixed 

Substituting £1 by z with fixed £2 gives z = £ 2 — £2 > dz = 2^\d^\ and by (|27|) 
3^1 <-z = ci — 0"2 — 3 1 cr 2 1 - Thus 

C 2 2 < c sup < (J 2 >- 2q 2< £ 2 >-2fc 
€2,^2 

j*^ < z > s - 1 Iz]- 1 / 2 y <ai- (a 2 + z) >' 2a < (7i >- 2ai da^j dz 



Now the inner integral is estimated using f§, Lemma 4.2 by c < cr 2 + z >-° 2 , if 
a+ai > 1/2 (which follows from (|23|) ) with 02 := 2min(a, ai) — [1— 2max(a, ai)]+. 
This gives 

Cf < c sup < a 2 >- 2q 2< £ 2 >-2fe / < z >S -/ | z |-l/2 < z + CT2 >-a a ^ 

/" 3 1 CT2 1 

< csup < g 2 >" 2a2 / < z > s ~' \z\- xj2 <z + a 2 >~ a2 dz 







We split up the integral into the parts < z < ol ^! and \\<J 2 \ < 2 < 3 1 cr2 1 - 
Assuming w.l.o.g. s — I > we estimate the first part by c < 02 > s ~'+2 -Q2 and 
the second part by c < a 2 > S ~'~2+P- _Q! 2]+ which is the larger one. Thus 



-2a 2 +s-i-7j + [l-a 2 ] + 

if 



Cf < CSUp < <T 2 >-2a2+s-<- 5 + [l-a 2 | +< ^ 
c 2 



s - I < 2a 2 + - - [1 - a 2 ]+ (30) 
Now a 2 = 2a or 2a± or 2(a + ai) — 1 and we have 

s-Z < 2ai <2ai + 2a 2 -^ by©,© 

s - Z < 2ai < 2ai + [2(a + a 2 ) - -] = 2a 2 + - + 2(a + ai) - 2 by flU),©,© 
5 - Z < 1< 1 + [2(02 + a) - ~] = 2a 2 + 2a - i by 
s -Z<K2a 2 + ~ by©),© 
Thus (^Tj) is satisfied. 

Case ac: cr dominant, i.e. \a\ > , \cr\ > \cr 2 \ 
We have to show that 

C 2 := sup < u >- 2a < i >- 2l [< & >- 2k < ax >- 2ai <o 2 >- 2a2 < & > 2s d&d<T 2 

cr,5 fixed 

< OO 



7 



Using |e| > and |£| < |^| + |&| < §|£l|, thus 



^l 2 < ^i 2 < il ~ il = z = a x - (72 - a < 3\a\ 



we get 



C 2 < CSUp < £ >-4a+2(*-2) / < ^ > -2fc < ^ > -2a 1 < ^ > -2a 2 

<r,£ fixed 

Substituting £ 2 by z for fixed £ gives z = £f - (% = (6 + 6)? = (£ + 2 6)£ , 



^ = 2£ and z - e = (ef - e 2 2 ) - e = (6 + &k - (a - = ^ th US 



2 



£2 = ^ol- leads to 



2£ 

3 e 



C 2 < CSUp < £ >-*»+2C.-I) |£|-l/< >-2fc ( L ai >-2 Ul< ^ > -2a 2 

e,<7 J 2E, j 





We used here 



* = C1 2 - £ 2 2 = £(6 + 6) < 161 < 3£ 2 (31) 



Now 

< at >- 2a i< >^ da 2 = I <a 2 - {-z - a) >-^< a 2 >~ 2a2 da 2 



< c < z + a > a 

by H, Lemma 4.2 with a = 2 min(oi, a 2 ) — [1 — 2max(ai, 02)]+ using a\+a 2 > 1/2 
which holds by (|23"|). 

Substitute y = z — £ 2 and use |y| < |z| + £ 2 < 4£ 2 by (|3ll) to conclude 



c 2 < CS up<e>- 4a + 2 ^)|£r i / 0O X{l , l < 4f2} <-^>- 2fc < y +e 2 + a>- Q dy 
= c sup < e >- 4a+2 (-') ler 1 / 4€2 < >- 2fc < y >-° 

e -/o 2|^| 



by ||, Lemma 4.1. 

If |£| < 1 we directly get 



C 2 < c sup / < ^ >- 2k dy < c sup | C I ~ 1 1 C 1 2 < 00 

l£l<1 JO * C |#|<1 



If |f | > 1 we get 



C 2 < C SUp lel^-O-l ( < y >- dy + |y|-«-«^ |£| 2 ^ 

[€|>l \ Jo J \Z\ J 

< C SUp (|,C|- 4a +2(s-0-l+[l-a]+ + |£|-4a+2(s-0-l+2AM£|-2fc-a+l\ 

I«I>1 

< C sup | f |-4«+2(-i)-l+[l-a] + < 

ICI>1 



if 

2k + a > 1 (32) 

and 

- 4o + 2(s - I) - 1 + [1 - a]+ < (33) 

By the definition of a @ holds if 2fc + 2a x > 1 and 2k + 2a 2 > 1 and 2£; + 2(ai + 
02) — 1 > 1 which follows from (p5|). 

In order to show ( p3| ) we use a = 2ai or 2a2 or 2(a± + 02) — 1 and get 2(s — I) < 
2 < 4a + 1 and 2(s - I) < 2 < 2(a + a x ) + 2a = 4a + 2ai and 2(s - I) < 2 < 
2(a + a 2 ) + 2a = 4a + 2a 2 and 2(s - /) < 2 < 2(a + ai) + 2(a + a 2 ) - 1 by 
(ID,©,©, which implies (H). 
Region b: |£i| < 2|£ 2 | 
We show 

C\ := sup < a 2 >~ 2a2 < £ 2 >- 2fc /< 6 > 2s < o >~ 2a < <?i >- 2ai < £ >~ 21 d^da! 

<?2 ,52 nxed 

< OO 

We have 

C\ < c sup < 6 >~ 2fc / < £1 > 2 "< o- >~ 2a < ^1 >~ 2ai dfidffi 

&2 ,?2 faxed 

Now by (|27D and §], Lemma 4.2: 

< a >- 2a < ai >- 2ai 
= | < tri - ((7 2 + £ 2 - £ 2 2 ) >- 2a < ai >- 2ai d(7l 

< c < a 2 + £ - el >~ a2 

with a 2 as above. 

The substitution y = £ 2 , dy = 2|y| 1 / 2 d£i, y < 4£ 2 gives 



c\ < c sup / < a > 2 ( s - fc )< cr 2 + e? - C2 2 >~ Q2 ^1 

§2,0"2 ^ 

< c sup < y > s - k < y - (£ 2 - a 2 ) >" Q2 \y\- 1/2 dy 

§2,0"2 •'0 

/ + OO 
< y > s ~ k \y\~ 1/2 X{\ y \<^} <y-(&- ^) >~ a2 d y 

< c < y > s - k [2/r 1/2 < y >-" 2 dy 



by use of ||, Lemma 4.1 (remark that s — k < 1/2 by (|2l|),(f23j)). 

Thus C 2 < 00 provided s — k < a 2 — \ which follows from (^) and completes 

the proof. 

Our next aim is to give a similar estimate for / = n±u in Y s . We first 
integrate < o\ > _1 / over t\ and take the scalar product with a function in 
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H~ k (R) with Fourier transform < £1 > k w\ , w\ G L^.(R). We show that an 
estimate of the type 

\S\ < c\\v\\2\\wi\\2\\v 2 \\2 

holds, where 

o := / —. r Tdt-,dt 2 TidT2 

J <a > a < <7i >< (J 2 > a2 < £ 2 > < f > 

and the notation is the same as for S before. 
This directly gives the estimates 

||n±u||ys < c||n± II^lo ||u||_x-fc.«2 (34) 



Proposition 1.2 T/ie estimate $3%) holds under the following conditions: 

k>0,l>0 (35) 

s — k < min(2a — -, — ) (36) 

s - I < 1 (37) 

a,a 2 > 1/4 (38) 

a + a 2 > 3/4 (39) 

k + a 2 > 1/2 (40) 



Remark: The same remarks as for Prop. |l.l| apply. Thus we estimate 

§ = / PK.^«- * V 2 >gfe * 'A^)l < & 2L WniT2 (41) 

7 < CT >«< CJi >< CJ 2 > a2 < 6 > fc < £ >' Si ^ 1 ^ V ) 

where again (^) holds with the same notation again. 

Proof of Prop. 1.2: The proof works along the same lines as the foregoing one. 
Choose a\ such that 

13 3 5 1 s — k \ s — k 3 
1/2 > ai > min(-, --a, --a 2) --a-a 2 , --k, l-a 2 -k, ~^~ + ^ 

(42) 

This and imply the conditions ©,(P),(E3),(PD,(E3) and 



a + ai+a 2 >5/4 (43) 

We consider the regions of integration similarly as in the proof of Prop.|Ll] with 
the minor variation that case aa means > 4|cr 2 | , > 4|<r| , case ab is 
given by |cj 2 | > \\o~\\ , |<7 2 | > \o~\ , and case ac by \a\ > ^\o~i\ , \o~\ > |cr 2 |. 
Case aa: |£i| > 2|f 2 | 
Choose 

± 1/2, n) :=< o~\ >- 1/2 wifa ± 1/2)X { || CT1 |<^<2| CT1 |} 
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Now in the considered region we have z = £ 2 — £f ^ f£i an d 

1 

4I- 1 [ 1 2 



1 . 1 1 

0"! — (T2 — (J = <7l — 0"2 — <7 > <7l — 0"2 — M > 0"i — - Ui 7 °"l = « °1 



Moreover 

4 4 4 4 1 1 

3 Z = 3^ ai ~ <J2 ~ C7 ) - ^(M + 1 " 2 ! + M) - 3 (l^i I + ^kil + ^Fil) = 2 kil 

altogether 

1, 9 4 

< 3^<2|ai| 

This means that in the case at hand x = 1 i so that 

J < a > a < a 1 >i/2< as > fl 2< £ 2 > fc < £ 
where the integral runs over the region aa. This is exactly the term treated in 



case aa of Prop. LI with a\ replaced by 1/2. Since all the assumptions of Prop. 



1.1 are satisfied with a\ = 1/2 under our assumptions (35) - (EOT) we get from 



that proof an estimate by c 1 1 1 1 2 1 1 i^i I [ 2 1 1 1 1 2 - Because we want to have an estimate 
by c||u||a ||u>i H2 11^2 lb; the only thing to be checked is ||i>i||2 < c||i/ji || 2 - Put this is 
true, namely 

\\vi\\i = IJ <r 1 + (6±l/2) 2 y- 1 \wi{Zi ±l/2)\ 2 dn^ 
|ki|<^<2k!| 

= J{ J <*i >- 1 ^i)i«Ti(ei±i/2)i 2 (iei 

Now the inner integral is bounded independently of £1 by some logarithm. Thus 
ll^i II 2 < c||wi||2. This concludes the proof of case aa. 

In all other cases we define v\ :=< o\ > ai_1 w{ with a\ as above. Then we 
simply have 



1^1 111 



< CJl > 2 ( a l- 1 ) |t5l($l)| 2 d(7lC^l < C||wi||l 



because ai < 1/2 by our choice (|42|). 



Now with this choice S reduces to S so that it only remains to check that the old 



estimates of Prop. 1.1 in all other cases (with the modified ab ,ac as 



above) remain true. According to the remarks at the beginning of this proof we 



have to avoid using (22) in its strong form, namely ( |37|) and (|43| ) should suffice. 
Case ab: We have z = o\ — 02 — o < \a\\ + jo"2 [ + \cr\ < 4| o"2 1 + I02I + |o"2 1 = 6 |o"2 1 
instead of 3 1 c"2 1 which appears as upper limit of integration and makes no essential 
difference. We have to check (|30|) without use of (|22"| ): s—l < 1 < 2ai+2a2— 1/2 by 
©(H), s-l < 1< 2a 2 + l/2+2(a+ai)-2 by ©(H), s-l < 1< 2a 2 + 2a-l/2 
by ©@, s - I < 1< 2a 2 + 1/2 by ©©. 

Case ac: We have z = a\ — a 2 — o < \a\\ + [o"2| + Icrl < 4|er| + \a\ + \a\ = 6|cr 



instead of 3|cr| which makes no essential difference. In order to check (33) we 
only used ( |37| ) instead of (|22|), 
Region b: remains unchanged. 
The proof is complete. 
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2 Energy bounds and decomposition of data 

The system ([lj) , (|2|) , (^) is now transformed into a system of first order in t in the 
usual way. Defining A = —-^ and 

n±:= n± iA~ l/2 n t (44) 

we have 

n = ^(n + +n_) (45) 

2iA~ 1/2 n t = n + -n^ (46) 

and the equivalent problem reads as follows 

iu t + u xx = -i(n + + n_)ii (47) 
m± t TA 1/2 n± = ±A- 1 l 2 {\u\ 2 ) xx 

with initial data 

u(0) = u , n±(0) =n ±iA- 1/2 n 1 (48) 

The standard conservation laws for the original system are: conservation of the 
L 2 -norm ||u(t)|| =: M(u) = M and the energy 

r+oo 

E := E(u, n, n t ) := \\ Ux {t)\\ 2 + l/2(\\n{t)\\ 2 + \\A- 1 ' 2 n t {t)\\ 2 )+ / n{t)\u{t)\ 2 dx 
Now we have by Gagliardo-Nirenberg and L 2 -conservation: 
n\u\ 2 dx 



< —J n 2 dx + c J \u\ 4 dx < - \\n\\ 2 + c\\u x \\ \\u\\ 3 

< \(\H\ 2 + \\u x \\ 2 ) +c\\uf = ^(\\n\\ 2 + \\u x \\ 2 ) + c 
This implies 

ll^(*)l| 2 + |(II^Ct)]| 2 + ll^- 1/2 ^(*)ll 2 ) < ^ + |(||riCt)]| 2 + |]^(*)II 2 ) + c 1 iW re (49) 
consequently 

K(*)|| 2 < ^(£ + ciM 6 ) (50) 
\\n(t)\\ 2 + \\A-V 2 n t (t)\\ 2 < 4(£ + Cl M 6 ) (51) 

We also have 

1 /"OO 

n(t)\u(t)\ 2 dx 



E(u,n,n t ) < ||n,(t)|| 2 + i(||n(t)|| 2 + ||yl- 1 / 2 ni(t)|| 2 ) + 

< \\\n x (t)t + \(\\nit)f + WA-^mm 2 ) + ci\\u(t)f (52) 
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These estimates together with L 2 - conservation of u and local well-posedness 
for data in H 1,2 x L 2 x H~ 1,2 which is given by || implies directly also global 
well-posedness for these data. 
Let now data be given with 

n € H S ' 2 (R) , n € L 2 (R) , m € fl*- ll2 (R) , 1 > s > 9/10 

and decompose for N > 1 : 

where 

-"oi = F~ l (X{\£\<N}u6(0) = / e ilf u5(0^ 

u 2 = ^ _1 (X{|$|>jv}«o(0) = / e ia *u5(f)d£ 
One easily shows that 

|| u oi||h 1 > 2 — _S |l lt ollH s ' 2 forl>s 

II^oiIIl 2 < II^oIIl 2 

II^Hh'. 2 — c N l ~ s \\uo\\ H s,2 forl<s 
11^02 < cN~ s \\u \\ H ^ 

Thus we have the following global bounds for the solution (u,h) of (||),((2|) with 
data (u 01 ,n ,n 1 ) by (||): 

E(u,n,h t ) < IHtxoi.II 2 + ^(||no|| 2 + P^Vf) + ci||n i|| 6 < cN 2 ^ (53) 

and thus by (l5(i|),(j5ll) and L 2 -conservation of u: 

\\u x (t)\\ 2 + \\A-V 2 nt(t)\\ 2 + \\h(t)\\ 2 < cN 2 ^ (54) 
\\u(t)\\<M (55) 

The corresponding global solution (u, h±) of (mj) with data (itoi, n>o+, Wq-) there- 
fore fulfills: 

||u*(f)|| < (56) 
HM*)II < cN 1 - 3 (57) 
||u(t)||<M (58) 

where c depends essentially only on c (the initial energy) and M on the initial 
L 2 -norm of u. 



3 Further bounds for the regular part 

In order to give further estimates of (u,n±) we consider the system of integral 
equations which belongs to problem ( |47| ) with data (uoi, n + (0), ra_(0)): 

u(t) = e itd *u i -i e i{t - s)d *l(n + (s) + n„(s))u(s) ds (59) 
Jo 2 

JO 
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We always assume t G I = [0, |/|]. In this case we could, whenever helpful, place a 
factor ipi(t) in front of the first terms on the r.h. sides and (t) in front of any of 
the integrals in (p9j),(|60"|) without changing the equations at all. Here ip G Co°(R) 
is a non-negative cut-off function with ip(t) = if \t\ > 2 , ip(t) = 1 if \t\ < 1 and 

iPs := ijj(t/S). 

Important remark: Here and in the following section the constants denoted 
by c or cq depend essentially only on c in (j53|) (and therefore on E(u, h, n t ) ) and 
on M (in (g)). 

The energy estimate (f)5l) , (|56|) gives 



\u\x^{l) = \\u\\l2{i,h^{t*.)) < \\u\\l°°(i,h^(r))\I\ 1/2 < cN 1 S \I\ 1/2 (60) 



By imMwM and (0) : 

(in the sequel a± denotes a number slightly larger resp. smaller than a) 

IMI x o,i+ (/) 

< c||«oi IIl2(r) + c(\\n + u\\ x0> _i + + \\n-u\\ x0 _i + ) 

< c + c(||ra+u|| 6, e,, NS + ||n_w|| e,, a,, ) 

/ /■ 6,6, /■ 6, 6, Xtf+r 1 

< c -h c f n^ + n^ii£tii sj^rft + nfz-n^rii^ii^a^^* ) ( 6i ) 
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< c + cdln+Hioo^^ + ||n-||x°°(/,x 2 (R))) (/ W^xWli dt 

< c + c(||n+ || i oo (/ji 2 (R)) + ||fi_ ||l«.(/,l2(r))) \\u\\ l°°(i,Ll) H fi *ll l J l 6 

1 — s 5 

< C + c(||n + || Lo o (/ii 2 (R)) + ||n_|| i oo (/iL 2 {R)) )iV~6- + |I|6- 

< c + cN^N'-ir+N-l^ 1 -^ 

< 2c 

for iV sufficiently large. We here also used Gagliardo-Nirenberg and (|55|) , (|56|) and 
assumed |/| < ciV" 4 ^ 5 ). 

Next we estimate ||n+|| n i , in terms of Hull n i, . From the integral equa- 
tion ©,(D,(1D we have 

\\n±\\ x0t i + {1) < c||no±I|i»(R) + c\\A' 1/2 (\u\ 2 ) xx \\ x0! _3 (62) 
By §], Lemma 4.4 (with k = 1/4, 1 = 0, c = 3/8, &i = 3/8) we have 

||^ 1/2 (|n| 2 ),,|| x0 ,_3 (/) < cp||^i,3 (j) < c||«||* 0ji+(j) ||«||Ji 1 o W (63) 

where the last estimate follows by interpolation from (p^). From (|60[),(|6l|),(|62]),(|6^) 

we get 

\\n±\\ x ^ +(I) <c||n 0± || i2(R) + c||n||^i +(7) ivV|/|!- < ^N 1 - + N 1 ?) (64) 
Thus we have 
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Lemma 3.1 Let \I\ < N A<yl s ) and ||?t-o±||l 2 (r) — °N l 3 ■ Then we have 



\n+\\ n i , < cN 

Hull n 1, < C 

11 n X°^ + (I) - 



1-s 



(65) 
(66) 



The next step is an estimate of Hull , i 

II H X 1,2( 7 ) 

From the integral equation (p9|) we get by (D,(|): 



u -, l 



< c||u i||hi.2(r) +c(||n + u|| xlj _i + ||n_u| 
+c(||n + u|| y i (/) + ||n_u|| y i (/) ) 



(67) 



< 


cN 1 ' 3 


+ c( 


\n+ 


ll x o,i. 


"W 


+ 


n_ 


< 


cN 1 ' 3 


+ c( 


|n+ 




"W 


+ 


n_ 


< 


cN 1 ' 3 


+ c( 


|n+ 


ll x o,i- 




+ 


n_ 



n U U 1 , 1 , 

1_ 
2 



x o,i +(/) ;i^ii x0 ,i +(J) iFiixi.o (/) 



n l-L ) U 



AT— +|j|r 



Here we used Prop. LI and Prop. |L^ (with s = 1, 1 = 0, k = |+,ai = 
2+) a 2 = an interpolation argument and (p0|). Consequently we get 



Lemma 3.2 |J| < N 4 ^ s ) and ||no±||£2( R ) < cN 1 3 , the following estimate 
holds 



< cN 



l-s 



(68) 



Proof: follows immediately from Lemma 3.1 and (67): 

llull ,! < ciV 1 - s + ciV 1 - s iV i 2 £ +Ar- 4 ( 1 -s)3+ < cN 1 ' 3 
11 "x^oo - - 

Remark: If the data fulfill the conditions 

IKi||l2(r) < c 
IKlJI^CR) < cN 1 ' 3 
< cN 1 ' 3 



|L2(R) 



IK+||l2(r) + IK- 
then the following estimates hold on |I| < A r ~ 4 ^ 1 ~ s ): 

l|n ± ||^ ,, +(/) <cA^- 
||u|| . i < cN 1 ' 3 



U n 1 , 



< C 



(69) 
(70) 
(71) 



(72) 
(73) 
(74) 



This follows from Lemma |3.l| , |3.2| . 

Also the estimates (|56|) , (j57|) , (|58|) hold under these assumptions. 
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4 The part with rough data 

Let (u, n+,ra_) be a solution of (p7|) with data (uo,no+,rao_) and (u, n + ,n_) the 
solution with data («oi, no+, no-)- 

Define v := u — u , m± := n± — n± . Then (v, m + , m_) fulfills 

= m + + + mn-){u + v) — — (n+ + n_)Cj 

= -(n + + n_)t> + -(m + + m_)t> + + m_)-u 

= F 1 + F 2 + F 3 =:F (75) 

= iA- 1 /^^! 2 )^ T A- 1/2 (|^| 2 )^ 
= ±A-^ 2 ((u + v){iL + v)) xx T A~ l ' 2 {uu) xx 
= ±A- 1 ' 2 {uv) xx ± A-^d^l 2 ),, ± A-Vfyfi)^ 
= : Gi + G2 + G3 

=: G (76) 



and 



Furthermore 



v(Q) = u(0) - u(0) = n - u i = ^02 (77) 

m±(0) = n±(0) - n±(0) = (78) 

The corresponding system of integral equations reads as follows 

w (t) = e itd *u 2 ~i f e i{t - s)d *F{s)ds (79) 
Jo 

m±{t) = -i f e^ t ~ s ^ Al/2 G{s)ds (80) 



Here we have U02 € .fP' 2 (R) with 

11^0211^,2 < c||lto||.ff*,2 < c (81) 

||«02||l2 < cN- s \\u \\ H s,2 < cN~ s (82) 



We construct a solution of (|79|) , (p0|) in some time interval / by the standard 
contraction mapping principle. We define 

w (t) := -i f ' e l{t - s)9 *F{s)ds , z±{t) := r.h.s. of (80) (83) 
J 

and a mapping S = (So, S+, S-) by 

(S v)(t) := e ud *U02 + w(t) 
(S±m±)(t) := z±(t) 
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Proposition 4.1 For 9/10 < s < 1 and given data uq2 G -£P' 2 (R) mtt (fgl[) ? j 
and tioi, no± as in fibl\), (f7^j, (f7^|j i/ie system of integral equations fi7t\), has 
a unique solution (v,m±) G X S '2 + (I) x _X"°'2 + (7) in i/te same interval I with 
\I\ = N"^ 1 " 3 ^ 6 , 5 > of the preceding section, which fulfills 

< cN- s 



ll™ ± ll x -^+ (/) < cN~' 
||m±|| i , < c iV"5-3 s -| + 

Proof: We want to use Banach's fixed point theorem in the set Z, where 
Z 



(84) 
(85) 
(86) 
(87) 



ll X°'2+ £ (/) - u 



||m±|| 



x -^ +Hl) < coN-s,\\m ± \\ x0i i +v) < cN 



2 4 s 4 + 



} 



with its natural metric, cq chosen below. 

Now take any (v, rn_) G Z. In order to show (Sqv, S+m+, S-iri—) G Z we 
estimate \\S v\\ x3t i + first. 

We have by Prop. [□] (with k = s — \ + 8e, I = 0, a\ = \ — 2e, a = a% = \ + e) 
and interpolation 



||n±u|| 



< c||n±|| o 



< c||n±|| 0i i 



||m±u||. 



X 3 '-^ +2e (/) 



||m±n| 



< c||m±|| x0j i +£(/) 

< c||m±|| x0il+£(/) 

< cN-^-js+N^ 

< c||m±|| x0j i +£(/) 

< c lh±ll x o,i + , (/) 



II—- I 111-— + 

"X°'TI+ 6 (J)" ll xS ^ +e(/) 

v\\ xa _i +Sei i +e ^ 

X°'2-+ e (/)" X s '2+ e (/) 



n|| xa _i +8e ,i +e(/) 

X°'2+ E (/)" X 1_ '2-+ e (7) 



< cN-^-^ s N {1 - s)is -y + = cN~ sis -V~ 1+ i s+ 
We have 1 > s > 9/10, so the exponents of N are negative. Thus with 7(s) > 0: 



11*1 



'x s '-^^(i) 

and therefore with cq > 2c||no2||_ffs,2(R,) we have: 



\\S»v\\ xSih+e{i) < c||n 02 ||^, 2{R) + c||F|| x . i _i +a . < -j + cAT-tW < c 
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if N is sufficiently large. 

Next we estimate HSb^H o, 1 +e • We use Q, Lemma 4.3 (with k = , I = —\ , 

X (I) 

c\ = 7j— , b = \+ ; b\ = 7j+ and with k = I = , c\ = ^+ , b = b± = \+ ) and 
get: 

||S(Hl x o,i +e(J) 

< c||n 2||L2(R) 

+<\\m±v\\ x0t _ h+2e{i) \I\ e + \\h±v\\ x0 ,_x_ {i) \I\z- + \\m±u\\ x0 ,_ h+2e{i) \I\ € ) 

+ ||m+|| i i , llnll n i , 

< Cl N- s + c(N- s N- s \I\ e + N^N-^I^- + Ar s |if) 

< c(N- s \I\ e + N l - 2s \I\ l i~) +ciN- s 



< Cl N- s + cN- s \I\ t + cN 1 - 2s - ( - 1 ~^- i i + 

< JV- S (^ + cN-^- s > + cAT-f +) 



< C iV 



from the definition of and (0), where cq > 2ci , e > small and N 

sufficiently large. 

Next we treat ||<S±m±|| ^+^ By ||, Lemma 4.4 (with l = 0,k = j,c = \+ 

ll(fi*0*ll x o,-4- (J) + IKM 2 )*!!^,-^ + HM.II^-i-^ 

< c(|lu|| i i lb II i i + |M| 2 i i ) 

- v " "X3'2(J) M "Xl'l(i) 11 "xi'Ifi)' 

3_ I + ]__L J_ 2(l-i) -i- 

<c(||u|| 4 ! ||u|| 4 i \\v\\ n 4 i 3 , \\v\\ 4 \ i, + IM| . i 43 |M| 2s , i, ) 

= c {m--i s+ + m~ 2s ) 

1 5 

< c7V2~4 



■i-Vf 



Thus 

ct 



ll^ ± ll x o 4+(/) = II X e^^ 1/2 G (s)ds || x0 ,, +(/) < c||G|| Jc0 ,_ 4 _ (J) |J|i- 

1 5 „ , , , 1 1 5 . /•-! „\ 5 , 1 1 „ c5 . 1 1 „ S i . 

< C iV2-4 S +|/|4- = cAT2-4 S -( 1 - S )-4+ = C AT-2-4 S -4+ < Co-W^ ^J 4 ^) 

if N is chosen sufficiently large. 

Finally we treat ||£±m±||^_i i + . By ||, Lemma 4.4 (with I = — | , A; = , 
6l = |+ , c= |+): 

IIGII 1 1 < \\(uv) x \\ 1 1 + IKM 2 )*!! 1 1 +II(««)< B || 1 1 
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Thus 



< C(||u|| n 1, \\v\\ n 1,, , + \\v\\ n 1 , ! 



\\S±m ± \\ v i x +£/ = || [ t e^^ Al/2 G(s)d 



i i 



< c||G|| x _i,_i_ (/) |/|i- < ciV-*|/|!- < co^V- s 
for iV sufficiently large. 

Summarizing we have shown that S maps Z into itself. 

The contraction property uses exactly the same type of estimates and its proof 
is therefore omitted. Thus the proposition is proved. 

The next estimates show that the nonlinear part w of (|79|), defined by (|83|) , 
behaves better than the linear part. 

We use (H) in connection with Prop. |L2| (with s = 1, 1 = 0, k = |+, a = a<i = |). 
This gives 

ll^lli 00 (/,J? 1 ' 2 (R)) 



< 



e(j|(m + +m_)w|| y i (/) + ||(n+ +n_)u|| y i (J) + ||(m+ + m_)u|| y i (/) ) 



< c(||m + + m_ || n i ||u|| i,i +||n + + n_|| n i ||u|| 1,1 

+ ||m++m I „i Hull i,i ) 
1-— - II— + 

< cf m+ + rri- || n i, J|u|| „ 2 f \\v\\ 2s x 

- ™ + "x°-z(iy l ll x s -h(i) 

1-JL- J- + 
+ ||n + +n_|| n i ||w|| n 2 f |M| 2s i 
II + l'x°>2(/)" "^(i)" "x s -2(/) 

1_ 1+ 
+ ||m+ + m_|l n i,JI^II 2 „i IHI 2 , i ) 
ii + "x '^)" "x -2(/) n "x 1 "'^// 

= c(iV~t s + n'I~ 2s+ + AT~f s ) < cN'i- 2s+ (90) 

because § - 2s > -f s , by (H),®,®,©,©,©, using |/| = N^ 1 -^- . 

The next step is to estimate ||Hlz,°°(.r..t/ 2 (R))- 

We use §, Lemma 4.3 (with k = l = 0,b = b\ = ^+ , ci = \+): 

lkllL-(/,L2(R)) < c||w|| x0i i +(/) 

< c(||(m+ + m_)w|| Jsr0f _i_ + ||(n + + n->|| x0i _i 

+||(m + +m_)n|| x0: _i_ )|/|4- 

< c(||m+ + m- | „ i , ||u|| n i , + ||n+ + n_|| n i, Hull n i, 

+ ||m+ + m_| „ i , \\u\\ „ i , )|/|4~ 

Ml +i l | X°'2 + (/) 11 ll X°'3 + (/)'' 1 1 

< C (iV-^3 s iV- s + A^iV" 8 + 7V~5-3 S )|/|3~ 



19 



3 i 3 



< c N-2 + i s + (91) 

by © because 1 - 2s < -\ - \s o s > f 

We also repeat the corresponding estimate for m± = Sm-t = z± from (p8|) : 

lk ± ll x o^ +(J) = l|m ± || x0 ,, +(J) < C iV-|-^ (92) 
5 The iteration process 

In the preceding sections we have constructed a solution (u, n) of our original 
problem (|l|),(|2|) with data (||) (uo,no,ni) in the time interval I = [0, |/|] with 
|/| = A r_4 ( 1 ~ s ' . Namely, if we define u := v + u , n± := m± + h± we easily 
see by (|75|) , (|76|) that (it,n + ,n_) satisfies the system (fl7|). Moreover the initial 
conditions u(0) = uq , n±(0) = uq± are satisfied. This initial value problem 
is equivalent to the original system (||),(|2|) by (^). The initial data are trans- 
formed via (|45|)) (|4q) by uq± = \{uq + n{) , HA~^ 2 n\ = tiq + — no- or conversely 
by no± = uq ± iA~ l / 2 n\. 

In order to continue the solution of (E7]),(Eq) we take as new initial data for 
our system © the triple (fi(|/|) + w{\I\), n+{\I\) + z+(\I\), n_(|/|) + Z-(\I\)) 
instead of (uoi , no+ , no- ) . When we have shown that this problem has a solu- 
tion (ti,n + ,n_) in the time interval [|/|,2|/|] of equal length |/| we insert this 
solution into the system fl7q),(|76D in place of (u, n + ,n_) and solve this problem 
with data (e l ' / '^uo2 ) 0, 0) in [|J|,2|J|]. Adding up the solutions we get a solution 
of the original problem in [|/|,2|/|] as before. This defines an iteration process. 
At each step we have to ensure the same bounds on the initial data which were 
used in the first step. The replacement of uo 2 hye l ^ 9x UQ2 is harmless, because 
e i\Wl j g un itary in iiP(R). These bounds are controlled by the energy and the 
L 2 -conservation law (cf. (|50|),(]5l|)). Thus we have to estimate these quantities in- 
dependently of the iteration step. This is easy for L 2 -conservation, the increment 
when replacing uq\ by noi(|/|) + 10 (1-^1) using L 2 -conservation is given by 

u{\I\) + t0(|I|)||i2(R.) - IKoi||l2(r) = ||tt(|/|) + ti>(|J|)||i2(R) - ||«(|/|)||L2(R) 
<M\I\)\\ LHR) < C2 N-I + I S+ 

by (|l|), where c 2 = c 2 (c, M). 

The number of iteration steps in order to reach the given time T is fjr = 

means that we have to ensure in order to get uniform con- 
trol over the L 2 -norm of u, u, . . .: 



C2 



TN 4(l-s)+ + N -%+$a+ < M 



where c 2 = c 2 (2c, 2M) (remark that initially the L 2 -norm of u was also bounded 
byM). 

This is fulfilled for N sufficiently large if 4(1 - s) - § + |s < s > ±§ which 
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is fulfilled. 

The increment of the energy is given by 

\E(u(\I\) + w(\I\),n(\I\) +m(\I\),n t (\I\) +m t {\I\)) -£(«oi,no,ni)| 
= \E(u(\I\) +w(\I\),n(\I\) +m(\I\),n t (\I\) + m t (\I\)) - E(u(\I\),n(\I\),n t (\I\))\ 
< 2(\\u x (\I\)\\ + + (||n(|/|)|| + ||m(|/|)||)|H|/|)|| 

+(p- 1 / 2 n t (|/|)|| + IIA-^mtd/DIDHA-^mtdlDII 

roc roo 

+ |m(|J|)||«(|/|) + w(\I\)\ 2 dx + / |n(|/|)|||fi(|/|)+u;(|J|)| 2 -|fi(|/|)| 2 |dx 



Using (p^) , (po|) the first term is bounded by 

ciN 1 - 3 + Ni- 2s+ )m- 2s + < cN 1 - 3 ^ 
the second and third one using (|54D,(|92|) by 

ciN 1 - 3 + AT-5-3 s -)AT-5-i s - < cJV 1_ 'iV-S-2 
The fourth term is estimated using Gagliardo-Nirenberg and (p^) , (|90D , (]91]) , 

roo 

\m(\I\)\\u(\I\)+w(\I\)\ 2 dx<2 / \m(\I\)\(\u(\I\)\ 2 + \w(\I\)\ 2 )dx 



i i 



< 



2||r«(iJ'i)|| i2(M . ) (||i*(| J r|)|| x , 2(It) ||i*(| J r|)|| jC , o CR . ) -i- ||w(|J r |)||z, 2(R . > ||^(| J r|)||z.~(R.)) 



1 3 1 



< c 



|m(|J|)||^ C R ) (||fi(|/|)||2 aw ||t2 a ,(|J|)||2 8(R) + \H\I\)\\ 2 L2m \\w x 



L 2 (R)> 



< cAf"5-3 s -ivV = cN-% 3 ~ 



The fifth term is similarly estimated as follows: 



OC 



n(|/|)|||n(|/|) +w;(|/|)| 2 - l^d/DI 2 !^ 
<2||n(|/|)|| L2 (||n(|/|)|| L2 + |H|/|)|| L2 )|k(|/|)||L 



i 



^cllnd/Dll^dlnd/DIU. + l^d/DI^OIim/Dll^ll^v!,!;,,^ 
< cN 1 - 3 ^ + Ar-f+t s +)AT5(-f+! s )+jV5(f- 2s )+ 

It is easy to see that the decisive bound is the one for the first term. Thus the 
increment of the energy is bounded by 

c-sN 1 - 3 ^- 2 ^ 

where C3 = C3 (c, M) . 

Thus the condition which ensures uniform control of the energy of (u, n), (u, n), . . . 
is the following: 

c 3 TiV 4 ( 1 - s ) + iV 1 - s iV§- 2s + < cN 2{1 ~ s) (93) 
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where C3 = c^{2c,2M) (recall that by fl53|) initially the energy is bounded by 
cN 2 ^ ). 

This is fulfilled for N sufficiently large provided 

4(1 -a) + (1 -a) + I -2a < 2(1 -a) ^ S >^ 

So, here is the point where the decisive bound on s appears. The uniform 
control of the energy implies by (|50D,(]5l|) uniform control of the L 2 -norm of 

(u x ,n, A _1 / 2 n t ), (u x ,h, A~ x / 2 n t ), . . . 

Theorem 5.1 Let 1 > s > 9/10. The Zakharov system with data 

(uo,rio,ni) G -£P(R) x L 2 (R) x i^ _1 (R) is globally well-posed. More precisely for 
any T > there exists a unique solution 

(u, n, n t ) G X s '^ +ei [0, T] x X Q ^ +e ' 2 [0, T] x X _1 '5 +e2 [0, T] (94) 

for £1,62 > small enough. This solution satisfies 

(u,n,n t ) G C°([0,T],tf s (R) x L 2 (R) x fl-^R)) (95) 

Proof: On any of the intervals I of the preceding considerations we have by 
©.(ID,© (+ interpolation) u G X s ^ +ei (I), h± G X°^ +e2 (I) and by (H),© 
v G X s ^ +6l (I), m± G X°'5+ e 2(/). This gives @) by flU),©. Uniqueness in 
this class was proven in || already. (|95|) follows immediately from (|94"|). 

It is not difficult to give bounds on the growth of the solutions now. It is 
elementary to show that the most restrictive bound on N comes from condition 
( |93| ) in the whole range 9/10 < s < 1, namely 



N > (96) 

According to the construction of the solution above we have the following struc- 
ture 

u{t) = u(t) + e ud *u 02 + w(t) = e itd *u + r(t) 

where 

r(t) = u(t) - e itd *u 01 +w(t) 

on / first, but then also on [0, T]. 
We have shown that 

\\r(t)\\m-i(K) <cN'- s (97) 

(remark that || e**^ 7/01 II i^ 1 - 2 (n) < cN 1 ~ s ). Choosing N according to (^) gives 
the following bound for < t < T: 



Similarly 



Thus we have shown 



l-s 

\n±(t)\\ L 2 (K) < cN 1 -* < cT 1 ^' 
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Theorem 5.2 The solution of the preceding theorem fulfills for t > 0: 



u(t) 



e it9 *u + r(t) 



with 



r(t)\\ H ^(R) <c[l + \t 




1-s 



) 



and 



n(*)IU*(R) + IM*)ll 



H- 1 . 2 (R) 



< c 1 + |tl 5s -^ 



) 
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